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We present the design, statistical analysis, and validation of a questionnaire to assess students’
knowledge about basic aspects of quantum mechanics (QM). The QM evaluation (QME) is a true-false and
multiple-choice mixed questionnaire that features 10 two-tier items spanning three relevant themes in
quantum mechanics: wave behavior of matter, measurement, and atoms and electrons behavior. Its validity
was assessed through a pilot administration to students and interviews with course instructors. We checked
its internal consistency using both classic test theory and Rasch analysis to account for the different
difficulty of each tier and for different scoring methods of the items. The questionnaire was administered to
about 450 undergraduate physics students and high school physics teachers. Data show that it is a reliable
instrument and all items have a good discriminatory power. Since the test does not require an advanced
mathematical knowledge, it ideally lends itself to probe students’ knowledge about quantummechanics in a
variety of university courses, from the introductory ones to those more formal and mathematically oriented.
DOI: 10.1103/PhysRevPhysEducRes.15.010137
I. INTRODUCTION
The development of research-based, conceptual probes
to assess students’ understanding is one of the key tools of
educational research. Concept inventories have been devel-
oped and widely used by physics education researchers for
almost thirty years to measure students’ conceptual learn-
ing in several areas of introductory physics, from mechan-
ics to electricity and magnetism [1,2]. Recently, scholars
have begun to develop concept inventories about more
advanced topics such as kinetic molecular theory of gases
[3], nuclear physics [4], relativity [5], and, of course,
quantum mechanics (QM) [6]. For the latter, two different
contexts have been considered:
(1) High schools. In the last decades, quantum mechan-
ics has been included in many national school
curricula (e.g., England General Certificate of
Education Advanced Level, France, Italy, Norway,
Spain, U.S. Next Generation Science Standards). On
the one hand, this is a natural evolution of previous
syllabi. In fact, there is no conceptual reason for
regarding quantum mechanics as a separate branch
of physics, which can be considered or not in
standard curricula. It is, instead, deeply nested in
any description of matter and radiation properties.
On the other hand, quantum mechanics carries the
infamous qualification of “weirdness” that still
discourages its practical introduction at school [7].
(2) University. Several studies have shown that even
after attending upper-level physics courses, under-
graduate physics students still have difficulty under-
standing basic concepts of quantum mechanics,
such as wave-particle duality, the realm of the
Schrödinger equation, and the implications of the
Heisenberg uncertainty principle [8–10]. More-
over, students often struggle with reconciling how
classical concepts, such as measurement, wave
propagation, or probability, are applied in quantum
mechanics theory [11]. Finally, the highly abstract
mathematical formalism of quantum mechanics may
overshadow the meaning of the physical quantities
involved in the calculations carried out in such
courses [12].
For such reasons, it is no wonder that students’ assess-
ment of quantum concepts has increasingly gained atten-
tion in educational research. A pioneering work in
assessing students’ conceptions in quantum mechanics
was carried out by Ireson [13], who reported the results
of the administration of a Likert-type questionnaire made
up of 29 five-level items ranging from strongly agree to
strongly disagree. The questionnaire was administered to
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342 students in the UK at the end of high school. Results
show that students’ reasoning strategies could be divided in
three main categories: quantum thinking (correct knowl-
edge), conflicting quantum thinking (transitional knowl-
edge), and conflicting mechanistic thinking (classical
knowledge). Such results suggest that students may
progress from reasoning strategies rooted in classical
physics toward more correct conceptual stages through
suitable teaching paths.
A fundamental contribution to the field came soon
after from Singh and colleagues, who devoted fifteen
years to the investigation of students’ misconceptions in
quantum mechanics. An early attempt is presented in
Ref. [9], where the author describes an open-ended
probe, the quantum measurement test, to assess students’
conceptual understanding about fundamental concepts,
such as the properties of the “observables” (i.e.,
Hermitian operators in a Hilbert space describing the
physical properties of a system) and the measurement
process. The test was administered to 89 students in the
U.S. from six different universities. The results show that
even after instruction, students held misconceptions about
stationary states, eigenstates, and time dependence of
expectation values. The author stresses that such mis-
conceptions were common amongst the students, despite
having attended different courses with different instruc-
tors and materials.
Recently, an evolution of this test, called the quantum
mechanics survey was presented in Ref. [14]. This new
version features 31 questions about advanced quantum con-
cepts, including wave functions, bound or scattering states,
measurement, expectation values and their time depend-
ence, stationary and nonstationary states, Hamiltonian
operators, time dependence of wave functions, etc. The
test was administered to 226 graduate and undergraduate
students in physics. Reliability and consistency indices are
rather high. Results show that most common difficulties
concerned the probability of obtaining a given value in a
measurement, the role of the Hamiltonian in the time-
dependent Schrödinger equation, and the time dependency
of the expectation value of an operator.
A similar approach was adopted by Cataloglu and
Robinett [15], who developed the quantum mechanics
visualization instrument. The 25-item questionnaire aims
at assessing students’ reasoning about the graphical repre-
sentation of the wave function corresponding to a given
potential VðxÞ. The questionnaire was administered to
about 160 students of four distinct courses. The authors
report about students’ difficulties in visualizing the prob-
ability density in stationary states, and carrying out
quantitative evaluations.
The quantum physics concept survey [16] is a qualitative
concept inventory focused on five relevant “themes” in
quantum mechanics: wave-particle behavior, the de Broglie
wavelength, the analysis of the double slit experiment, the
Heisenberg uncertainty principle, and the photoelectric
effect. The questionnaire was administered to 312 students
at the University of Sydney. Results reported by the authors
support the reliability of the test. However, the paper does
not provide enough evidence about whether the items of the
questionnaire are able to assess students’ reasoning about
the targeted concepts.
McKagan and colleagues [17] developed the quantum
mechanics conceptual survey, a 12-item questionnaire in
which the following topics were addressed: wave-particle
duality, quantization of states, wave function and proba-
bility, Heisenberg uncertainty principle, operators in
Hilbert spaces and observables, quantum measurement,
tunneling, and the Schrödinger equation. They describe in
detail the design process, including the interview with
faculty members to validate content and item readability.
They also report the results of an administration to 370
undergraduate students. Despite the relatively small num-
ber of items in the probe, collected data show that the test
can help instructors elicit misconceptions such as the belief
that particles travel along sinusoidal paths, or that energy is
lost in tunneling.
Finally, Sadaghiani and Pollock [6] proposed the
quantum mechanics concept assessment (QMCA) test.
The 31-item questionnaire was designed starting from an
earlier open-ended version and addressed the following
knowledge areas: measurement, the time-independent
Schrödinger equation, time evolution, wave function,
probability, and probability density. The test was admin-
istered to about 300 undergraduate physics students in two
stages. They perform a statistical analysis that supports the
reliability of the instrument. Their findings are consistent
with previous misconceptions reported in other studies,
such as the meaning of measurement in quantum mechan-
ics or that quantum states (including superposition states)
have always a definite energy.
Despite the large efforts devoted by researchers and the
depth of their achievements, we still need assessment tools
that cover all major topics in quantum mechanics and are
suitable for statistical analysis. In our opinion, the main
present limitations are the following:
(1) The scope and audience of the previous question-
naires were limited, on the one hand, by the focus on
very specific aspects of quantum mechanics and, on
the other, by the emphasis on highly abstract con-
cepts, addressed only in upper level physics courses;
(2) answer choices of questionnaires with a broader
potential audience did not allow to reliably distin-
guish between memorization and reasoning;
(3) even when answer choices were carefully designed
to build on previous students’ answers to open-
ended questions, the analysis did not take into
account the variable “distance” between correct
and incorrect answers to different questions. In other
words, as we will see later, the item difficulty is not
constant across the questionnaire;
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(4) achievements of students with different abilities and
background knowledge in quantum mechanics were
not compared.
To address the first issue, we present in this paper a
summative assessment instrument, called the quantum
mechanics evaluation (QME), designed to test foundational
concepts in quantum mechanics and, hence, is also suitable
for introductory courses. To address the second issue, we
adopted a two-tier diagnostic format [18] using multiple
scoring methods. To address the third issue, we analyzed the
data through both classic test theory and a one-dimensional
Rasch model. Rasch analysis, which is increasingly used in
physics education to obtain more robust analysis of concept
inventories [19,20], has been recently introduced to inves-
tigate model fit quality of scoring methods for a generic two-
tier scientific reasoning test [21]. We note that, while also
QMCA [6] featured few questions in a two-tier format, QME
is the first instrument that features all items in a two-tier
format. Moreover, Rasch analysis has not yet been applied to
any previously developed assessment tool in quantum
mechanics. Finally, to address the fourth issue, we admin-
istered the QME to subjects with different hypothesized
proficiency levels in quantum mechanics.
We hence tried to answer the following research
questions:
RQ1: what are the respondents’ conceptions of quantum
mechanics that emerge from the answers to QME?
RQ2: what are the psychometric properties of QME?
RQ3: to what extent do QME psychometric properties
depend on the adopted scoring method?
RQ4: how well does QME discriminate between res-
pondents with different background knowledge in
quantum mechanics?
II. REVIEW OF TWO-TIER ASSESSMENT
INSTRUMENTS
In this section, we briefly review previous studies that
adopted a two-tier assessment approach. Unlike the items
in traditional multiple-choice tests, those in two-tier instru-
ments consist of two distinct parts, or “tiers.” The first tier
(T1) aims to investigate the content knowledge about a
given concept. The second tier (T2) prompts students to
choose which alternative best represents the reason for their
answer in T1. Typically, the first tier is a multiple-choice
question with, e.g., three answers, of which only one is
correct, or a yes or no alternative. In both cases, T1 is
usually built up of statements, which correspond to
declarative content knowledge about the targeted topic.
The second tier is a multiple-choice question as well, but
usually with four or five answer choices, built up from
relevant literature about students’ alternative conceptions,
classroom observations or interviews carried out in pilot
studies.
Two-tier instruments have been used in science educa-
tion for thirty years now, mainly in biology [22–25] and
chemistry [26–29]. However, a growing number of instru-
ments featuring two-tier items have been developed for a
wide range of topics also in physics. For instance, Franklin
[30], starting from existing multiple-choice items, devel-
oped a 40-item instrument to identify misconceptions about
force and motion, heat and temperature, light and color, and
electricity and magnetism. The final version of the ques-
tionnaire was administered to 509 students. The author
reports a good level of reliability but low values of
discrimination for each section of the test. A significant
correlation between correct responses and confidence level
was also measured. We note that only one scoring method
(1 point for both tiers correctly answered) is discussed.
Chen and colleagues [31] developed a two-tier instrument
about formation of images and shadows. The questionnaire,
designed from existing literature and content-related con-
cept maps, featured 8 two-tier items and was administered
to 317 high school students. Reported results show accept-
able reliability and good values for difficulty and discrimi-
nation indices. However, they do not provide enough
details about how the test was scored and how the classical
statistics were calculated. In the effort to investigate
whether answers to the second tier are influenced by the
first tier, Tsai and Chou [32] developed three two-tier items
about the concepts of weight, sound, and light propagation,
respectively. To correlate the results across the three areas,
the responses were coded as follows: 1 point if the answers
to both tiers were incorrect, 2 points if the students’
responses were correct in only one tier (either the first
or the second), 3 points if the student answered correctly to
both tiers. While giving valuable insight about the corre-
lation between the targeted content areas (mechanics vs
waves propagation), the low number of items does not
allow for generalization of the findings. Taiwan scholars
[33–35] developed a 97-item two-tier questionnaire in the
framework of a large national project aimed at identifying
scientific conceptions from a statistically significant sample
of students. The instrument targeted curriculum topics as
force and motion, vision, electric circuits, images forma-
tion, sound, and water pressure from the primary to
secondary level. While the questionnaire features an
impressive number of items and its findings provide
valuable insight about how students’ misconceptions vary
across school levels and targeted concepts, the studies do
not provide enough details about the psychometric proper-
ties of the instrument and the adopted scoring method.
Similar to Ref. [31], the study described in Ref. [36]
addresses the design of an 8-item two-tier instrument about
basic optics. The instrument allows us to identify several
alternative conceptions. They show that such conceptions
depend on the context used in the question; namely,
students were not able to apply their knowledge of optics
to different contexts. However, this study also does not
provide enough details about the psychometric properties
of the instrument.
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Despite many valuable results, two-tier instruments have
not been critique-free. It has been argued that students’
response to the second tier could be biased by showing
predefined reasoning alternatives. Moreover, the reasoning
strategies in the second tier may be unfamiliar to students
beforehand, so the proposed answer choices could not
represent an existing misconception, but rather a lack of
knowledge [37]. To address this issue, some have incorpo-
rated into each item a third tier that measures the level of
perceived confidence of the subject to pick a given answer
choice [38]. Two examples of this improved design concern
mechanical wave propagation [39] and thermodynamics
[40]. Surprisingly, results from both studies suggest that the
students are more confident of wrong responses, thus
supporting the claim that erroneous reasonings reported
in the second tier plausibly correspond to already existing
patterns, albeit not immediately detectable using more
traditional probes.
Finally, we note that, to date, only one multi-tier
instrument addressing a modern physics content (the
photoelectric effect) has been developed [41]. Findings
show that the instrument is able to reliably uncover
students’ misconceptions about the targeted aspects of
the photoelectric effect. Moreover, three different scoring
methods are discussed, which, respectively, consider stu-
dents’ responses to (i) first tier only, (ii) first and second tier
together, and (iii) three tiers together.
III. METHODS
A. Design of the questionnaire
As other two-tier questionnaires, the QME features items
with two distinct parts. However, in the present study, we
slightly modified the typical structure of two-tier instru-
ments. The first tier consisted of three true or false (T/F)
statements. The second tier was designed as a standard
multiple-choice question with just one correct option. We
maintained that the statements of the first tier should
represent content knowledge or basic facts about the
targeted concepts. In particular, we selected three state-
ments that students are expected to know in order to
correctly respond to the second tier.
We used T/F statements in the first tier for a twofold
reason. First, we wanted to preserve local independence, in
order to perform individual Rasch analysis of the tiers’
scores. In fact, while the first tier statements were related to
the content targeted in the second tier, there was no explicit
link between the questions in the tiers. Still, due to the
connectedness between the respective targeted content, the
two tiers can be treated as a single super item, and analyzed
with a polytomous, partial credit scoring method, as we will
see later. Second, we wanted to decrease the guessing
probability in the first tier. For a tier with a yes or no
alternative, the probability of guessing is 1=2; in the case of
one correct alternative out of three, it is 1=3. As described
later, for QME, the scoring for the first tier was designed so
that the guessing probability is ð1=3 × 1=2Þ ≅ 17%.
The design of the QME started by drafting 50 potential
claims for the first tier, each one corresponding either to a
correct idea or to a known misconception about the chosen
topics. Then, we designed the multiple-choice questions for
the second tier, starting from 25 open-ended items piloted
with about 30 third-year physics students. A subsample of
three students and two university instructors, with proven
experience in teaching quantum mechanics, were inter-
viewed after the questionnaire administration. Eventually,
we selected ten items and designed for each of them four
answer choices (only one correct) based both on the
literature and on the collected answers. Amongst the
incorrect answer choices, one was chosen to represent a
typical misconception, while the remaining two corre-
sponded either to a classical reasoning in a quantum
situation (and vice versa), or to scientifically unaccept-
able views. Such design roughly corresponds to the
categorization of students’ ideas about quantum mechanics
proposed in Ref. [42]: (i) incorrect or naïve view; (ii) mis-
conception or classical description; (iii) partial or mixed
classical-quantum description, and (iv) quasi-quantum
description. As an example, consider question Q3 about
the wave function: “If you know the formal expression of
the particle’s wave function then you can…?”: The incor-
rect answer (i) is “Determine all the possible values of any
physical observable associated to the particle.” A typical
misconception (ii) is “Predict the possible states of the
particle and the values of any associated physical observ-
able.” The mixed incorrect answer choice (iii) is “Describe
all the particle’s allowed positions and energies.” The
correct answer (iv) is “Calculate the probability of
obtaining by measurement a given value of any physical
observable associated to the particle.”
Then, we matched the 50 claims, in groups of five, with
the ten multiple-choice items. The matching was made
independently by two researchers and a final agreement of
80% was considered satisfactory. Finally, we eliminated
twenty redundant claims, using as criteria conciseness,
intelligibility, and straightforwardness of the claim, so that
the final questionnaire featured 10 two-tier items: three T/F
claims in the first tier and one multiple-choice question as a
second tier.
B. Contents of the QME
The contents of the QME (see Table I) were chosen as
follows. First, we made a nonexhaustive list of possible
concepts we considered critical to understand quantum
mechanics. The list was compared with those presented in
reviews [7,8] and previous studies focused on the design of
assessment tools [17]. We then took the common ones and
excluded those that could be addressed only with a complex
mathematical formalism. For instance, referring to the list
in Ref. [17], paragraph III. A, we eliminated the following
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topics: operators and observables, and tunneling. For the
Schrödinger equation we decided to address only elemen-
tary properties of the wave function, choosing to not
address its solution in specific situations (e.g., potential
wells). The selection of concepts was also inspired by the
basic learning goals of courses that are taught at the
authors’ universities. We discuss in more detail the educa-
tional context of the study in Sec. III E.
The selected concepts can be grouped in the following
three general themes:
(1) Wave behavior of matter (WBM), which includes
wave function and probability, time evolution, and
superposition of states.
(2) Quantum measurement (MEAS), which includes the
uncertainty principle and the “collapse” of the wave
function.
(3) Atoms and electrons behavior (AEB), which in-
cludes atomic models and quantization of energy.
Clearly, these themes have fuzzy boundaries. As an
example, in the Copenhagen interpretation, the measure-
ment process on a system cannot be understood without the
knowledge of the wave function properties. For such
reason, we stress that in this study the three themes should
not be intended as latent dimensions related to basic
knowledge in quantum mechanics, but only as useful
frames that guided our design of the QME items.
Still, the categorization of the QME items around three
main ideas has the following advantages: (i) the choice of
only three themes facilitates the administration of QME
to a wide range of samples, including high school
students and nonphysics majors teachers, as well as
university students who attended upper level classes;
(ii) at the same time, the topics are sufficiently broad
to ensure a straightforward relationship between QME
and the teaching of quantum mechanics at high school
and university level. In particular, the chosen three
themes are taught qualitatively in the Italian context at
high school in the physics and chemistry courses [43]
and then deepened in university courses for undergrad-
uates. Thus, the QME may potentially track changes in
students’ understanding over the years. To this aim, we
had to exclude any mathematical formalization from the
targeted topics. This introduces an element of novelty in
comparison to prior research that, instead, primarily
included items requiring a sophisticated mathematical
knowledge. To facilitate the reader, we summarize in
Table II the contents targeted by previous assessment
instruments (see also the Sec. I) and the main differences
TABLE I. Overview of the QME contents. The complete questionnaire is reported in the Appendix.
Theme
Item
code Main topic of the first tier
Topic investigated in the
second tier
Typical misconception probed
in the second tier
WBM Q1 Time evolution of the
wave function
Relationship between energy and
phase of the wave function for a
stationary state
The phase factor of the wave function
for a stationary state depends on the
possible values of the particle
position and energy
Q3 General properties of the wave
function
The probabilistic meaning
of the wave function
The wave function allows to predict
the states of a particle
Q6 Quantum states and wave
or particle behavior
Quantum behavior of atomic
objects
The position of a particle oscillates as
a wave
Q7 Superposition of states Difference between superposition
of states in classical and quantum
mechanics
The outcome of a measurement on a
superposition of states is only one
of the states in the superposition
MEAS Q4 Effects of repeated measurements
on a quantum state
Difference between measurement in
classical and quantum mechanics
Measurements on quantum objects
have limitations due to the available
instruments and experimental
setups
Q5 Relationship between uncertainties
in position and velocity
Implications of Heisenberg principle Uncertainty relations are due to
experimental limitations
Q9 Effects of measurement on the
value of an observable
Consequences of the measurement
on the wave function
After a measurement, the wave
function eventually evolves back
into the initial state
AEB Q2 Atomic orbitals and their
properties
Stability of atoms in quantum
mechanics
Stability of atoms is explained by
energy quantization
Q8 Interactions in the hydrogen
atom
Forces between an electron
and the atomic nucleus
Gravitational force exerted on an
electron is balanced by centrifugal
force
Q10 Motion of charged particles
in electromagnetic fields
Why classical physics cannot
explain stability of
the hydrogen atom
A negatively charged particle should
“fall” onto the nucleus due to
Coulomb attraction.
DESIGN AND VALIDATION OF A TWO-TIER … PHYS. REV. PHYS. EDUC. RES. 15, 010137 (2019)
010137-5
TA
B
L
E
II
.
O
ve
rv
ie
w
of
re
se
ar
ch
in
st
ru
m
en
ts
to
as
se
ss
st
ud
en
t’s
kn
ow
le
dg
e
on
qu
an
tu
m
m
ec
ha
ni
cs
.
R
es
ea
rc
he
rs
Y
ea
r
Ty
pe
of
qu
es
tio
nn
ai
re
It
em
s
L
ev
el
(s
tu
de
nt
s)
C
ou
nt
ry
M
ai
n
ta
rg
et
ed
co
nt
en
ts
Q
M
E
co
nc
ep
ts
no
t
ta
rg
et
ed
Ir
es
on
[1
3]
20
00
L
ik
er
t
sc
al
e
29
H
ig
h
sc
ho
ol
(3
42
)
U
K
A
to
m
ic
st
ru
ct
ur
e
an
d
en
er
gy
le
ve
l
qu
an
tiz
at
io
n,
w
av
e-
pa
rt
ic
le
du
al
ity
W
av
e
fu
nc
tio
n
tim
e
de
pe
nd
en
ce
an
d
co
lla
ps
e
su
pe
rp
os
iti
on
of
st
at
es
,
m
ea
su
re
m
en
t
an
d
un
ce
rt
ai
nt
y
pr
in
ci
pl
e
Si
ng
h
[9
]
20
01
O
pe
n-
en
de
d
5
U
nd
er
gr
ad
ua
te
(8
9)
U
S
E
ig
en
va
lu
es
an
d
ei
ge
ns
ta
te
s,
st
at
io
na
ry
st
at
es
,
ex
pe
ct
at
io
n
va
lu
es
,
m
ea
su
re
m
en
t,
sp
in
A
to
m
ic
m
od
el
s
Z
hu
an
d
Si
ng
h
[1
4]
20
12
M
ul
tip
le
-c
ho
ic
e
31
A
dv
an
ce
d
un
de
rg
ra
du
at
e
an
d
gr
ad
ua
te
(2
26
)
U
S
W
av
e
fu
nc
tio
n,
bo
un
d
or
sc
at
te
ri
ng
st
at
es
,
m
ea
su
re
m
en
t,
ex
pe
ct
at
io
n
va
lu
es
an
d
tim
e
de
pe
nd
en
ce
,
st
at
io
na
ry
an
d
no
ns
ta
tio
na
ry
st
at
es
,
ro
le
of
th
e
H
am
ilt
on
ia
n,
un
ce
rt
ai
nt
y
pr
in
ci
pl
e
A
to
m
ic
m
od
el
s
C
at
al
og
lu
an
d
R
ob
in
et
t
[1
5]
20
02
M
ul
tip
le
-c
ho
ic
e
pl
us
w
ri
tte
n
ex
pl
an
at
io
n
25
U
nd
er
gr
ad
ua
te
(1
65
)
U
S
W
av
e
fu
nc
tio
n,
so
lu
tio
n
of
Sc
hr
öd
in
ge
r
eq
ua
tio
n
(i
nf
in
ite
w
el
l,
tu
nn
el
in
g,
…
),
w
av
e
pa
ck
et
dy
na
m
ic
s,
un
ce
rt
ai
nt
y
pr
in
ci
pl
e
A
to
m
ic
m
od
el
s,
w
av
e
fu
nc
tio
n
co
lla
ps
e,
su
pe
rp
os
iti
on
of
st
at
es
m
ea
su
re
m
en
t
W
ut
tip
ro
m
et
al
.
[1
6]
20
09
M
ul
tip
le
-c
ho
ic
e
25
U
nd
er
gr
ad
ua
te
(3
12
)
A
U
S
Ph
ot
oe
le
ct
ri
c
ef
fe
ct
,
w
av
e-
pa
rt
ic
le
du
al
ity
,
de
B
ro
gl
ie
w
av
el
en
gt
h,
el
ec
tr
on
di
ff
ra
ct
io
n,
un
ce
rt
ai
nt
y
pr
in
ci
pl
e
A
to
m
ic
st
ru
ct
ur
e,
w
av
e
fu
nc
tio
n
tim
e
ev
ol
ut
io
n
an
d
co
lla
ps
e,
m
ea
su
re
m
en
t
M
cK
ag
an
et
al
.
[1
7]
20
10
M
ul
tip
le
-c
ho
ic
e
12
U
nd
er
gr
ad
ua
te
(1
03
3)
U
S
W
av
e
fu
nc
tio
n
an
d
pr
ob
ab
ili
ty
,
qu
an
tiz
at
io
n
of
st
at
es
,
w
av
e-
pa
rt
ic
le
du
al
ity
,
de
B
ro
gl
ie
w
av
el
en
gt
h,
un
ce
rt
ai
nt
y
pr
in
ci
pl
e
A
to
m
ic
m
od
el
s,
w
av
e
fu
nc
tio
n
tim
e
ev
ol
ut
io
n
an
d
co
lla
ps
e,
su
pe
rp
os
iti
on
of
st
at
es
an
d
m
ea
su
re
m
en
t
Sa
da
gh
ia
ni
an
d
Po
llo
ck
[6
]
20
15
M
ul
tip
le
-c
ho
ic
e
31
U
nd
er
gr
ad
ua
te
(3
24
)
U
S
T
im
e-
in
de
pe
nd
en
t
Sc
hr
öd
in
ge
r
eq
ua
tio
n,
w
av
e
fu
nc
tio
n
an
d
bo
un
da
ry
co
nd
iti
on
s,
tim
e
ev
ol
ut
io
n
an
d
pr
ob
ab
ili
ty
,
m
ea
su
re
m
en
t
A
to
m
ic
m
od
el
s,
w
av
e
fu
nc
tio
n
co
lla
ps
e,
un
ce
rt
ai
nt
y
pr
in
ci
pl
e
UMBERTO SCOTTI DI UCCIO et al. PHYS. REV. PHYS. EDUC. RES. 15, 010137 (2019)
010137-6
with the QME contents. In the following, we describe the
QME items in detail according to the three themes.
1. Wave behavior of matter
Four items target directly the wave function. Prior work
concurs that students often do not grasp important aspects
related to this concept, for at least two reasons: (i) the
required shift from the classical, deterministic view of the
physical world towards a probabilistic view; (ii) the math-
ematical sophistication involved in solving the Schrödinger
equation often hides away the physical significance of the
obtained result.
• Q1 probes the knowledge about the time evolution of
the wave function ψ . Literature [44] suggests that
students often confuse the time development of sta-
tionary and nonstationary states. The former have a
simple time-dependent phase factor, whereas the
latter, being a linear superposition of stationary states,
exhibit a more complex time dependence. Therefore,
in T1, we probe some basic facts about time evolution
[9]: (i) that a quantum system evolves with time into a
state that is different from the initial one; (ii) that the
probability amplitude is a complex number and varies
in space and time; (iii) the expectation value of an
operator is time independent only if it commutes with
the Hamiltonian or if the system is initially prepared in
an energy eigenstate. Then, in T2, we ask to explicitly
indicate that the phase factor of a stationary state
depends on energy. We include in the answer choices
typical misconceptions, such as the one that the phase
factor depends only on the “possible” values of
position and energy of the particle [8].
• Q3 probes the students’ knowledge about elementary
interpretation of the wave function. T1 addresses the
following basic facts [45]: (i) the ψ function com-
pletely determines the state of a physical system (I and
III); (ii) the wave function is a dimensional quantity,
since its square modulus is a probability density (II).
T2 asks students to correctly indicate the relationships
between the wave function and the probability of any
measurement outcome of a physical quantity.
• Q6 is closely linked to Q3 and deals more strictly with
the wave behavior of matter [46–48]. We chose to
address this issue investigating in T1 the basic knowl-
edge about the state of a system and in T2 the wave
behavior of an electron. T1 addresses the following
basic facts: (i) the quantum state of particle is different
from its classical counterpart, since it is not defined by
assigning any values to its position and velocity (I and
III); (ii) the quantum state of particle is completely
determined by the wave function, which is not a
physical wave (II). T2 asks to justify why an electron
behaves like a wave. The students may recall the
outcome of the double slit experiment and relate the
wave behavior to the observation of a diffraction
pattern on a screen (where the wave function collap-
ses). Among the answer choices, we include the
known misconception that the electron position os-
cillates as a wave, or in other terms, that the real
trajectory of the particle is a sinusoid.
• Finally, Q7 deals with superposition of states in
quantum mechanics. For systems in a superposition
state, multiple values of the same physical observable
are possible, until a measurement on the system is
actually performed. One cannot exactly predict the
outcome of any measurement, but only the probability
to obtain a certain outcome. However, this goes
beyond a classical statistical description of a system.
Indeed, superposition in quantum mechanics is a
rather counterintuitive concept, which may lead to
paradoxical situations like Schrödinger’s cat. For the
sake of simplicity, T1 focuses on a wave function that
is the superposition of two stationary states. In such a
case [49]: (i) the idea that superposition of states leads
to an “in-between” state is incorrect; (ii) we cannot
know the state of the system until we make a
measurement; (iii) superposition of states does not
imply a complete lack of knowledge about the state of
the particle. T2 probes the students’ capability to
reason about the different meaning of superposition in
classical physics and quantum mechanics. In particu-
lar, to answer correctly, the student should refer to the
interference term that arises from the square modulus
of the sum of the original stationary states. Among the
answer choices, we include the misconception that the
outcome of any measurement is consistent with only
one state of the initial superposition [8], which is
actually true only for observables that commute with
the Hamiltonian.
2. Measurement
Three items focus on the measurement issue in quantum
mechanics. Literature suggests that students find problem-
atic this subject for at least two reasons: (i) measurement in
quantum mechanics is counterintuitive and very far from
everyday experience; (ii) it is difficult to harmonize
measurement in quantum mechanics with what they have
learned earlier in classical physics [8,11], the uncertainty
principle being the typical example for which classical
reasoning leads to incorrect inferences; (iii) teaching of
measurement in quantum mechanics is often abstract with
no reference to real experimental procedures.
• Q4 probes students’ knowledge of basic facts about
measurement and the main difference with classical
measurement. The three statements in T1 deal with
(i) repeated measurements and how a measurement
influences the result of subsequent ones (I and III) and
(ii) the relationship between the measurement process
and the state of a system (II). In T2, we ask students to
further argue why it is not possible to use classical
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arguments to describe measurement, focusing on the
possibility that such a process irreversibly changes the
state of a system. Among the answer choices, we
include the misconception that the main difference
between quantum mechanics and classical measure-
ment process is that in quantum mechanics there exist
more limitations due to the available instruments and
experimental equipment when exploring the micro-
scopic world.
• Q5 concerns the uncertainty principle. In T1, the three
statements address the relationship between position
and velocity uncertainties. T2 probes if the students
correctly infer from the uncertainty principle that if
one assigns numerical values to the position (velocity)
of a particle then its velocity (position) has an infinite
uncertainty and, consequently, is not defined. The
answer choices correspond to the following categories
of reasoning [50]: (i) uncertainty as an intrinsic
consequence of quantum description of the micro-
scopic world; (ii) uncertainty as measurement error or
limitation due to experimental apparatuses; (iii) un-
certainty as a measurement disturbance; (iv) uncer-
tainty as limited precision in measurement.
• Q9 investigates the students’ knowledge about the
effects of the measurement process on the state of a
system. As such, this item deals also with aspects
related to the ψ function (namely, the so-called
“collapse”). T1 deals with an electron and, in par-
ticular: (i) how the measurement process changes its
previous state; (ii) and (iii) how the measurement
process determines the new state. Then, in T2, the
students are asked to reason in more detail about
what happens to a generic quantum system after a
measurement. Among the answer choices, typical
misconceptions are featured, such as (i) the collapse
of the wave function is only temporary and after the
measurement it must go back to the original state, or
(ii) the wave function after the measurement evolves
into a state corresponding to what “it is supposed to
be” [8]. We also include an incorrect answer choice
based on a classical reasoning that refers to a change
of the “wavelength” of the ψ function soon after the
measurement.
3. Atoms and electrons behavior
Three items probe the students’ knowledge about the
interactions between nucleus and electron (hydrogen
atom), the quasiclassical models of the hydrogen atom,
the discretization of the energy levels, and the model of
atomic orbitals [51–54]. The theme was chosen since it
deals with topics that connect electromagnetism, chemistry,
and quantum mechanics and because it is rarely addressed
in previous instruments (see Table II).
• Q2 addresses in the first tier basic facts about orbitals
and, in particular, (i) orbitals and probability; (ii) the
relationship between atomic orbitals and energy
levels; (ii) the spatial representation of the orbitals.
Then, in T2, we probe how students explain the
stability of an atom in quantum mechanics. Because
of the emphasis on stationary waves associated with
electrons, this item has some overlap with the item Q6
in the WBM theme. Among the incorrect answer
choices, we included the misconception that the sta-
bility of an atom is explained by energy quantization.
• The first tier in Q8 recalls basic concepts about
classical electromagnetism: (i) the energy of an
accelerating charge; (ii) the electrostatic potential
energy of a system formed by two identical charges;
(iii) Coulomb force between identical charges. In T2,
we probe if students are able to justify why gra-
vitational forces are negligible at the atomic level.
Among the incorrect answer choices, we include the
misconception that there is a balance between the
gravitational force directed towards the nucleus and
the centrifugal force due to rotation and directed
outwards.
• Q10 deals with basic facts about the interaction
between an elementary charge and electromagnetic
field. In particular, in T1 we address (i) the motion
of an electron in a uniform magnetic field and
(ii) the motion of an electron in an electric field. In
T2, we probe students’ justification about why
quasiclassical models fail to describe atoms’ stabil-
ity. The correct answer choice refers to energy loss
of an accelerated charge due to its radiation. Among
the incorrect answer choices, we included miscon-
ceptions found in pilot administrations of the ques-
tionnaire: (i) loss of energy due to Coulomb force;
(i) lack of the uncertainty principle in classical
physics; (iii) classical physics deals only with
macroscopic systems.
The complete questionnaire is reported in the Appendix.
C. Scoring of QME
As discussed in Sec. II, two main approaches have been
proposed to score two-tier items [21]. One common method
is pair scoring, where full credit is given only if the student
answers correctly in both tiers. The other common method
is individual scoring, where the tiers are scored independ-
ently. The first method reduces guessing but does not
adequately describe intermediate stages of students’ knowl-
edge. The second method allows partial credit but does not
address guessing. Both assume that the two tiers have the
same difficulty. This is not always the case, since the two
tiers often probe different students’ abilities, namely,
knowing and explaining, and hence may have different
difficulty levels [55]. Moreover, the extent to which differ-
ent possible scoring methods may lead to different results
and psychometric properties of the instrument has been
rarely investigated.
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In this study, we adopted a mixed method, which first
scores the tiers individually and then couples the tiers
according to the different patterns of responses. By adopt-
ing such a method, we tracked the individual functioning of
the tiers as well as their coupled behavior.
Hence, we first defined the score variable of T1 by giving
(i) 0 point if a student answered correctly either one or none
of the questions in T1 and (ii) 1 point if a student answered
correctly at least two out of the three questions. Then, we
defined the score variable of T2, by giving the full score
(1 point) only if the correct answer choice had been picked.
By combining the two variables, four patterns are obtained,
namely, “00,” “01,” “10,” and “11.” The pattern “00”
corresponds to an insufficient factual knowledge as well
as an incorrect reasoning about the target topic. Pattern
“11” corresponds to good factual knowledge and correct
reasoning about the target topic. Partially correct patterns
“01” and “10” correspond, respectively, to insufficient
factual knowledge but correct reasoning and to good factual
knowledge but incorrect reasoning about the target topic.
According to the relative weight given to factual knowledge
and reasoning capability, the four patterns can be scored in
a total of six different ways [21], as detailed in Table III.
M1 ¼ T1 × T2 is the pure pairing score and admits no
intermediate levels. M2 ¼ T1þ T2 is a pairwise method
equivalent to individual scoring that accounts for local
independence. M3 ¼ 2 × T1þ T2 and M4 ¼ T1þ 2 × T2
assume that knowing (reasoning) is more demanding than
reasoning (knowing), respectively. Both M3 and M4 do not
address guessing issues. M5 ¼ T1 × ð1þ T2Þ and M6 ¼
T2 × ð1þ T1Þ are mixed methods that account for guess-
ing: M5 assumes that reasoning is harder than knowing and
regards the pattern “01,” namely, an incorrect knowledge of
facts but correct reasoning, as guessing. M6 rewards
knowledge more than reasoning and considers the pattern
“10,” namely, a correct knowledge of facts but incorrect
reasoning, as guessing.
D. Data analysis
1. Classical analysis
Since the two tiers of QME were hypothesized to be
distinguishable yet related, we first investigated the local
independence between the tiers using cross tabulation
between T1 and T2, for all questions [56]. We found that
the T1–T2 combinations of all QME items met the local
independence assumption. Therefore, we treated T1 and T2
items first as separate and then coupled by the six scoring
methods. We report the complete local independence
analysis in the Supplemental Material A [57].
Then, to establish QME internal consistency, we calcu-
lated Cronbach’s alpha and the following classical test
theory indices–item difficulty, discrimination, and point
biserial–treating T1 and T2 first as separate and then
coupled. Item difficulty is classically defined as the fre-
quency of correct answers for a given question and should
be between 0.2 and 0.8. When analyzed separately, the
difficulty of T1 and T2 was calculated as the frequency of
score 1 in the students’ responses to T1 and T2, respec-
tively. When T1 and T2 were considered coupled together,
we calculated the difficulty of an item as the frequency of
the pattern “11” in the students’ answers. Therefore, the
difficulty of the separate and coupled items was the same
across the six methods. Discrimination and point biserial
describe the extent to which difficult items are more likely
answered by more able students. We used the extreme
group method to calculate the indices, choosing the top and
bottom 30% of the distribution. The discrimination index
should be positive. As a rule of thumb [58], excellent items
have values greater or equal to 0.4, good items greater than
0.3, acceptable items greater than 0.2, low discrimination
items greater than 0.1, poor items lower than 0.1. For QME,
we considered items with discrimination value below the
0.1 threshold as problematic, likely subjected to a revision.
For point biserial, good items have values above 0.25. As
for the difficulty index, discrimination and point biserial
were calculated for each tier separately and for the tiers
coupled together according to the six scoring methods
shown in Table III. To further inspect the expected
functioning of the tiers, namely, that T2 should be harder
than T1, we calculated the correlations between the score in
each tier, obtained with the six methods, and the total score.
Finally, we investigated the level of agreement across the
six scoring methods, adopting an approach based on
interrater reliability. For each method, we first split the
students according to their normalized score using percen-
tiles 30 and 70 as thresholds, thus obtaining three groups.
Then, using cross tabulation, we calculated for each pair of
scoring methods (e.g., M1-M2, M1-M3, M1-M4, and so
on, 15 combinations in total) the corresponding Cohen’s
kappa. To increase the validity of our findings, we also used
a different method to split the students according to their
TABLE III. QME scoring patterns.
Score assignment
Number of correct answers in T1 T1 Score Answer to T2 T2 Score M1 M2 M3 M4 M5 M6
Less than 2 out of 3 0 Wrong 0 0 0 0 0 0 0
Correct 1 0 1 1 2 0 1
At least 2 out of 3 1 Wrong 0 0 1 2 1 1 0
Correct 1 1 2 3 3 2 2
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normalized score. In this second case, we chose as thresh-
old the normalized score 0.5, with the aim to investigate the
agreement across the methods that the individuals reach a
sufficiency level in QME. For this splitting method,
Cohen’s kappa was calculated in the same way as before
using cross tabulation. All calculations were carried out
through SPSS software.
2. Rasch analysis
The scoring procedures described in Table III have the
advantage that they all couple T1 and T2 under different
assumptions on the relationship between knowledge and
reasoning. M2, M5, and M6 also account for the probability
of correctly answering to T1 and T2 simply by chance.
However, the six scoring procedures still hypothesize
linearity, i.e., that the “distance,” namely, the extent to which
two consecutive scores differ, between the patterns “01” and
“10” is the same as the “distance” between the patterns “10”
and “11.” Moreover, if one considers, for instance, the
scoring method M2 (Table III), a correct answer to less than
two T/F claims in T1 (incorrect knowledge of facts) but with
a full score in T2 (correct reasoning) is “equivalent” to a
correct answer to at least two T/F claims in T1 (correct
knowledge of facts) but with no credit in T2 (incorrect
reasoning). Such a limitation is common to instruments, such
as Likert-type questionnaires, that use a discrete score
variable. To address this issue, it has been recently proposed
[55] to analyze two-tier instruments by using Rasch analysis,
which is able to reliably establish the extent to which the
difficulty of the tiers is different.
For simplicity, in this paper, we will use the one-
dimensional Rasch model [59]. For the dichotomous
method M1, the model is expressed by
PðXij¼ 1Þ¼
expðβi−θjÞ
1þ expðβi−θjÞ¼
1
expðθj−βiÞþ1 : ð1Þ
Equation (1) describes the probability of obtaining a full
credit on the jth item of a test by the ith student. Xij is the
score on the item, βi is the ith student’s “ability,” and θj, the
jth item “difficulty.” In Rasch analysis, the term ability
indicates the trait level of the ith student [60], namely, the
extent to which a student possesses the trait targeted by the
questionnaire, in our case the knowledge of basic aspects in
quantum mechanics. The numerical values of θj and βi are
obtained by fitting the data to the sigmoidal test character-
istic curve, and measured in logit. For a questionnaire with
J items, the mean item difficulty is set to 0. Therefore, if the
sample mean ability is about 0, the students, on average,
have a 50% chance to correctly answer the items of the
questionnaire. Mean ability values slightly above (below) 0
indicate that the questionnaire was slightly less (more)
difficult for the sample as a whole. Mean ability values
much larger (smaller) than 0 indicate that the questionnaire
was very easy (difficult) for the sample. A very interesting
feature of Rasch analysis is the graphical representation that
allows us to explore the students’ ability distribution across
the questionnaire’s items. This representation is known as
the Wright map, which displays, in the same plot, the
persons’ ability and items’ difficulty.
For the polytomous methods M2–M6, the one-
dimensional Rasch model is generalized by
PðXij ¼ lÞ ¼
exp
P
l
k¼1ðβi − θjkÞ
1þPnjm¼1 exp
P
m
k¼1ðβi − θjkÞ
ð2Þ
Equation (2) describes the probability of obtaining a
score equal to l ¼ 1;…; nj on the jth item of the test by the
ith student. The parameter θjk can be interpreted as the
difficulty of the kth score. More precisely, it is the threshold
value (in logit) that a student must overcome to score k
rather than k − 1.
In this study, several Rasch indices were reviewed.
Goodness of model fit was investigated through mean square
(MNSQ) outfit and infit, which indicate whether students’
responses showed more randomness than expected.
Acceptable MNSQ infit values are between 0.7 and 1.3
[61]. For instance, an item with MNSQ infit of 1.4 has a
variability that is 40% greater than expected. Further indices
that measure the reliability of a questionnaire in the Rasch
model framework are person reliability (similar to
Cronbach’s alpha, acceptable values above 0.5), item sep-
aration, and person separation reliability. Item separation
reliability indicates whether the sample was able to dis-
criminate between the items according to their difficulty.
Acceptable values are above 3 [61]. Person separation
reliability indicates the distribution of person abilities across
the questionnaire’s items, so it can be used to investigate if
the sample can be divided into levels of increasing ability.
Acceptable values are above 2 [61]. As for classical analysis,
we first analyzed the students’ responses to the tiers
separately, by comparing the two tiers’ average difficulties,
obtained with data fit, for each item and for groups of items
clustered according to the addressed subject. Then, we
analyzed the students’ responses to the coupled tiers accord-
ing to the six scoring methods. We calculated person
reliability, person separation, item separation reliability,
and MNSQ infit and outfit for all the six methods. To
inspect whether the possible patterns of response to the tiers
corresponded to different level of ability, we also analyzed
the item response curves (IRCs) for the ten coupled tiers
[62,63]. In our case, the shape of IRCs can be used to
provide further insight about possible differences across the
scoring methods. Then, for all the six methods, we probed
QME capability of discriminating between groups in the
sample with different background in quantum mechanics by
comparing the different groups’ abilities, obtained with data
fit, through analysis of variance (ANOVA). Finally, we
investigated the level of agreement of the six scoring
methods when using Rasch measures. In this case, we used
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the ability measures of the students. For each scoring
method, we divided the students according to (i) the 30
and 70 percentiles thresholds, obtaining three groups and
(ii) the threshold ability> 0 logit, obtaining two groups. For
the latter case, we thus investigated the agreement across the
methods to assign to individuals a probability larger than or
equal to 50% to correctly answer the QME items. We
calculated Cohen’s kappa for both splitting methods using
cross tabulation. All calculations for the Rasch analysis were
carried out through Winsteps software (version 3.93).
E. Sample
We administered the questionnaire to a sample of 445
subjects divided into 4 groups:
G1: 146 freshmen enrolled in a physics degree at a large
university in southern Italy. Such students had
previously learned some quantum mechanics topics
solely at high school (i.e., one year before) using a
widespread Italian textbook [64];
G2: 86 third-year undergraduates pursuing a bachelor’s
degree in physics at the same G1 university. Such
students had already attended an upper-level class in
quantum mechanics;
G3: 139 freshmen enrolled in a physics degree at the
same G1 and G2 university. Differently from G1,
such students had attended a special extra-curriculum
class of quantum mechanics during their last year of
high school using the materials in Ref. [65];
G4: 74 high school physics teachers attending a profes-
sional development course organized by the same
G1, G2, and G3 university.
Details about the education and the background knowl-
edge of quantum mechanics for each group are reported in
Supplemental Material B [57]. Respondents were given
about one hour to answer the questionnaire.
IV. RESULTS
A. Respondents’ conceptions about basic aspects
of quantum mechanics
In the following, we report, for each of the three chosen
themes, the conceptual difficulties that emerged from the
analysis of the responses. The frequency of involved
subjects’ answers to each statement in T1 and each question
in T2 is reported in Table IV.
1. Wave behavior of matter
Q3 and Q1 were the most difficult items. We discuss first
Q3 since it concerns the basic properties of the wave
function. For T1, only 34% of the subjects rated as true that
the wave function completely determines the state of a
particle, and only 27% correctly rated as false that the wave
function determines the “allowed” states of a particle.
Another incorrect idea about the wave function, which
emerged from T1 (63%), is that it has no “physical
dimensions,” pointing to a possible confusion between
probability and probability density. In T2, less than 30% of
the sample correctly indicated that the wave function allows
one to predict the probability of measuring a given value of
a physical quantity. About 36% of the sample picked as
answer choice the typical misconception that the wave
function allows one to predict the “states” of a particle,
which is in accordance with a deterministic rather than
probabilistic view. Similar difficulties emerged when deal-
ing with the time evolution of the wave function of a
stationary state and the relationship between the frequency
of oscillation and the energy (Q1). While the claims in T1,
taken individually, were correctly recognized as true or
false on average by two-thirds of the subjects, we found
that slightly less than one-third of the sample was able to
correctly indicate that the phase factor of a stationary state
depends on its energy. Better results were achieved by the
sample in questions Q6 and Q7, focused on the differences
between wave and particle behavior and between super-
position of states in classical and quantum mechanics,
respectively. For Q6, about 50% of the sample was able to
identify the “interference” of an electron with itself as the
main evidence for the wave behavior of matter. Similarly,
for item Q7, 42% of the sample was able to explain the
superposition of stationary states in terms of constructive
and destructive interference. However, about one-third of
the subjects believed that a measurement on a superposition
of stationary states necessarily leads to “delete” one of the
states of the original superposition, or that the resulting
state after the measurement is a kind of “intermediate” or
“averaged” state between the original ones.
2. Measurement
Analysis of responses shows that Q5 and Q9 were
difficult questions for the sample. Concerning Q5, while
TABLE IV. Frequencies of subjects’ answers (N ¼ 445) to
QME.
T1a T2b
Theme Item I II III a b c d
WBM Q1 0.65 0.69 0.64 0.25 0.29 0.23 0.23
Q3 0.27 0.37 0.34 0.17 0.20 0.27 0.36
Q6 0.55 0.48 0.49 0.22 0.23 0.09 0.46
Q7 0.53 0.52 0.48 0.29 0.21 0.08 0.42
MEAS Q4 0.67 0.66 0.64 0.11 0.06 0.09 0.74
Q5 0.55 0.45 0.47 0.15 0.39 0.22 0.24
Q9 0.43 0.51 0.48 0.25 0.22 0.20 0.33
AEB Q2 0.13 0.73 0.54 0.19 0.45 0.19 0.17
Q8 0.65 0.60 0.69 0.68 0.02 0.02 0.28
Q10 0.75 0.76 0.69 0.22 0.13 0.16 0.50
aThe percentage of correct answers (true or false) is reported.
bCorrect answer choices are in boldface, typical misconceptions
are in italics.
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responses to tier 1 show a sufficient knowledge about
Heisenberg’s principle, only 15% of tier 2 responses
demonstrate a sound conceptual understanding of this
fundamental relation. In particular, almost 40% of the
subjects exhibit the typical misconception that the principle
is due to limitations of the experimental apparatus. For Q9,
responses to T1 show similar results to Q5. Responses to
T2 show that about one-third of the subjects believed that in
the “new” state, created by the measurement, there is a
perfect correspondence between expected and measured
values of the observable. Another one-fourth expected that
after some time the new state goes back to the initial one.
Only 20% of the subjects correctly interpreted how the
measurement process affects the state of a system. The
easiest question was Q4. The percentage of correct rating
for T1 statements is about 65%, which suggests that the
sample had at least a basic knowledge about the measure-
ment process in quantum mechanics. In T2, about 75% of
the subjects were able to identify the correct reason for
which the measurement process is different in quantum
mechanics and classical physics.
3. Atoms and electrons behavior
Concerning this theme, we found that involved subjects
had difficulty correctly explaining how quantummechanics
justifies stability of the simplest atom (hydrogen). In the
first tier of Q2, we detected the typical misconception
according to which an orbital is a region of space around an
atom (87%), while in T2 the incorrect reasoning for which
the stability of the hydrogen atom is justified by the
quantization of energy levels (45%). On the other hand,
the majority of the subjects (on average 66%) showed a
correct knowledge about the interaction forces between
electrons and the nucleus (Q8) and about the predictions
and limitations of early models (Q10) of the hydro-
gen atom.
B. Psychometric properties of QME
1. Classical analysis
When the tiers are individually analyzed, QME is made
up of 20 dichotomous items scored according to Table III.
Cronbach’s alpha is moderate (0.59), which could be
expected since the QME targets a broad range of concepts
in quantum mechanics and was administered to a nonho-
mogeneous sample. For such reasons, we also calculated
lambda-2 Gutmann coefficient. The value is slightly
greater, 0.61, suggesting an acceptable behavior of the
QME. Table V reports the difficulty and discrimination
indices for T1 and T2. To get further insights on the
functioning of the tiers separately, we plot in Figs. 1(a) and
1(b) the difficulty and discrimination of tier pairs. In
Fig. 1(a), the straight line separates the region A, where
item difficulty of T1 is greater than the corresponding
difficulty of T2, from region B, with reverse properties.
The difficulty of the second tier is greater than the
difficulty of the corresponding first tier for seven items,
while only for three items (Q3, Q4, Q8) T1 and T2 have
about the same difficulty. The average difficulty index of
T1 (0.57) is higher than that of T2 (0.39), which means
that T2 was on average harder than T1. From Fig. 1(b), we
note that all items have acceptable values of the discrimi-
nation index for the second tier (Q2, Q9, and Q10 are
excellent), except Q1, which has also a low T1 discrimi-
nation index. Six items have T1 discrimination values
smaller than 0.2, but still greater than 0.1, except item Q3,
which has a poor discrimination value for T1 and should be
revised (all values under 0.1 threshold are underlined in
Table V).
TABLE V. Classic test theory statistics for QME (tiers analyzed individually).
Theme Item T1 T2
Difficulty Discriminationa P.-bi seriala Difficulty Discriminationa P.-bi seriala
WBM Q1 0.72 0.19 0.43 0.29 0.07 0.21
Q3 0.23 0.06 0.24 0.27 0.29 0.49
Q6 0.57 0.25 0.50 0.46 0.35 0.60
Q7 0.53 0.23 0.48 0.42 0.28 0.48
Average 0.51 0.18 0.41 0.36 0.25 0.44
MEAS Q4 0.72 0.11 0.32 0.74 0.28 0.61
Q5 0.41 0.29 0.54 0.15 0.24 0.31
Q9 0.48 0.17 0.41 0.20 0.46 0.58
Average 0.53 0.19 0.42 0.36 0.33 0.50
AEB Q2 0.53 0.14 0.38 0.19 0.58 0.59
Q8 0.68 0.20 0.45 0.68 0.34 0.65
Q10 0.80 0.11 0.33 0.50 0.51 0.72
Average 0.67 0.15 0.38 0.46 0.48 0.65
Overall Average 0.57 0.17 0.41 0.39 0.34 0.52
aIndices were calculated having split the sample in the least and most able 30% of the subjects.
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Average T1 discrimination and point-biserial indices are
0.17 and 0.41, respectively, both lower than the corre-
sponding values for T2 (0.34 and 0.52). The implication is
that T2 increases the difficulty index and the discriminating
power of the test. Summarizing, classical analysis supports
the effectiveness of the test design aimed to balance the
tiers’ functioning.
2. Dependency of classical psychometric properties
on tiers’ scoring method
When the tiers are analyzed through the coupling
introduced by the six scoring methods, QME is made of
10 items, dichotomous in the case of M1 and polytomous in
the case of M2–M6. In Table VI we report, for all six
scoring methods, the Cronbach alpha, Gutmann lambda-2,
the normalized scores, and their correlations with the tiers’
individual scores. We note that the reliability of QME
changes significantly across scores (from 0.44 to 0.57).
Among the polytomous methods, M6 has the lowest value,
while M2–M5 have values that are close to the one obtained
when considering the tiers separately (slightly lower than
0.60). As expected, the six methods differ in the average
normalized score. M1 and M6 have the smallest values of
average score, while M2 and M3 have the highest average
score. Coherently with such result, M1 and M6 show very
different correlations between the tiers and the normalized
score. In particular, for both methods, the T2 score has the
highest correlation with the total score (about 1) but a small
value of the correlation between T1 score and the total
score. While such evidence could be expected for M6, the
FIG. 1. (a) Dispersion plot of the QME items’ difficulty in the T1–T2 plane when tiers are analyzed separately. See text for the
definition of regions A and B. See Table V for further details. (b) Dispersion plot of QME items discrimination in the T1–T2 plane when
tiers are analyzed separately. Straight dotted lines indicate the 0.1 threshold under which items have poor discrimination power. See
Table V for further details.
TABLE VI. Classical reliability indices and correlations between total score and tiers scores for QME (coupled tiers).
M1 M2 M3 M4 M5 M6
Cronbach alpha 0.44 0.57 0.55 0.56 0.51 0.48
Guttman lambda-2 0.47 0.59 0.56 0.58 0.53 0.51
Mean normalized score 0:263 0:007 0:478 0:007 0:507 0:008 0:448 0:007 0:415 0:0078 0:327 0:008
Correlation T1a 0.58 0.78 0.90 0.64 0.87 0.49
Correlation T2b 0.95 0.85 0.72 0.94 0.75 0.99
Cohen’s kappa
M1    0.64c 0.60c 0.65c 0.68c 0.73c
M2 0.12d    0.82c 0.78c 0.77c 0.66c
M3 0.08d 0.81d    0.60c 0.86c 0.49c
M4 0.15d 0.83d 0.64d    0.56c 0.80c
M5 0.21d 0.71d 0.54d 0.59d    0.52c
M6 0.46d 0.35d 0.25d 0.43d 0.42d   
aCorrelation between T1 average score and average normalized score.
bcorrelation between T2 average score and average normalized score.
csample split according to 30 and 70 percentiles threshold.
dsample split according to 0.5 threshold of the normalized score.
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result for M1 may only be justified with the fact that T2 was
harder than T1. For the other methods, M3–M5 follow
the expected correlational patterns, namely, the greater
the weight of the tier in the total score the higher the
correlation. The pairwise method M2 shows on the other
hand a slightly greater correlation between the T2 score and
the total score, thus confirming that T2 was harder than T1.
Cohen’s kappa analysis confirms that scoring methods
are not equivalent. Using percentiles to split the sample,
intermethod reliability is above 0.8 only for M2–M3 (0.82),
M3–M5 (0.86), and M4–M6 (0.8). The latter results are
strongly correlated with the weight given to T1(T2) by
M3(M4) and M5(M6). The first result suggests that equally
weighing a correct response to both the tiers favored
individuals in our sample who answered correctly mainly
to T1. This is confirmed also by the good agreement of M2
with M4 (0.78) andM5 (0.77). M1 has moderate agreement
with all the other methods (on average 0.65), with a higher
concordance with M6. When considering a threshold in
the normalized score to split the sample, the intermethod
reliability indices decrease significantly and show
poor agreement between the methods. Notably, only
M2–M3 (0.81) and M2–M4 (0.83) are above 0.80. M1
andM6 show the lowest values of agreement in comparison
to all other methods (the highest is between them, 0.46)
likely because the percentage of respondents with normal-
ized score greater than 0.5 is 4.3% for M1 and 13% for M6.
Finally, we analyzed the difficulty index, discrimination,
and point biserial for the 10 coupled items across the six
methods. Results are shown in Table VII. The difficulty
index, defined as the frequency of the highest score, is the
same for the six scoring methods (see Table III). Four items
present a value of the difficulty index lower than the
recommended threshold of 0.20, namely, they were very
difficult for the sample. They are Q2 (atoms and electrons
behavior), Q3 (wave behavior of matter), Q5, and Q9
(measurement). From Fig. 1(a), we note that the difficulty
of items Q2, Q5, and Q9 is mainly due to T2, while for Q3,
the difficulty is due to both T1 and T2. As expected, very
difficult items have low discriminating power, as a quick
look at the underlined values in Table VII confirms.
However, differences across scoring methods emerge
mainly for the different weights of the tiers. In the case of
item Q3, for instance, scoring methods M4 and M6 seem to
slightly increase QME discriminating power.
3. Rasch analysis
When tiers are analyzed individually, person reliability is
0.59, which can be considered sufficient. Person separation
is 1.22, while item separation is 8.93, both acceptable
values. Item statistics are reported in Table VIII. It is
noteworthy that all items have acceptable infit and outfit
MNSQ values. Average difficulty of the first tier is −0.45
logit while that of the second tier is þ0.45 logit. The
difference is slightly significant (t ¼ −2.100; p ¼ 0.05).
Concerning T1, the most difficult ones are the WBM items
(−0.16 logit), followed by MEAS items (−0.30 logit) and
AEB items (−0.99 logit). Concerning T2, the hardest items
are the MEAS ones (0.65 logit), followed by the WBM
items (0.56 logit) and AEB items (0.12 logit). Concerning
the discrimination power, Q2 and Q3 have point-biserial
values much lower than 0.3 in T1, Q1 and Q5 in T2. Note
that Q3 is the hardest item in T1, Q5 in T2. When looking at
the differences between the average difficulty of T1 and T2
for the three targeted themes we note that T2 items are
consistently harder than T1 items, for all the three themes
(0.56 vs −0.16; 0.65 vs −0.30; 0.12 vs −0; 99). However,
when investigating more quantitatively the effects of the
tiers on the measured difficulty of the items, the univariate
model reveals a nonsignificant difference (F ¼ 3.940, p ¼
0.067). Similarly, also the interaction effect of tier × theme
is not significant (F ¼ 0.065, p ¼ 0.938). Further details
can be obtained from the general Wright map (Fig. 2).
Overall, the map confirms that QME items span a wide
range of difficulty levels (−1.68→ þ1:81 logit). A ranking
pattern of the themes also emerges, from the easiest one,
TABLE VII. Classic test theory statistics for QME scoring methods M1–M6 (coupled tier).
Th. Item M1 M2 M3 M4 M5 M6
Diff. Disca P.-bia Disca P.-bia Disca P.-bia Disca P.-bia Disca P.-bia Disca P.-bia
WBM Q1 0.22 0.18 0.42 0.29 0.54 0.35 0.59 0.17 0.41 0.33 0.58 0.08 0.29
Q3 0.09 0.05 0.23 0.06 0.25 0.07 0.26 0.12 0.35 0.03 0.18 0.11 0.33
Q6 0.28 0.32 0.56 0.27 0.52 0.31 0.55 0.29 0.54 0.30 0.55 0.27 0.52
Q7 0.26 0.25 0.50 0.31 0.56 0.40 0.63 0.28 0.53 0.33 0.57 0.18 0.42
MEAS Q4 0.59 0.37 0.61 0.31 0.56 0.30 0.55 0.31 0.56 0.27 0.52 0.30 0.55
Q5 0.07 0.03 0.17 0.11 0.33 0.14 0.38 0.09 0.31 0.10 0.31 0.04 0.21
Q9 0.09 0.11 0.33 0.17 0.42 0.17 0.41 0.20 0.44 0.15 0.39 0.13 0.36
AEB Q2 0.09 0.10 0.32 0.12 0.35 0.15 0.38 0.17 0.41 0.08 0.29 0.14 0.38
Q8 0.51 0.48 0.70 0.39 0.62 0.36 0.60 0.42 0.64 0.36 0.60 0.44 0.67
Q10 0.45 0.47 0.69 0.39 0.63 0.33 0.57 0.46 0.68 0.33 0.58 0.39 0.62
aIndices calculated having split the sample according to 30 and 70 percentiles.
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atoms and electrons (average difficulty ¼ −0.43 logit),
through the more difficult ones, measurement (average
difficulty ¼ þ0.17 logit) and wave behavior of matter
(average difficulty ¼ þ0.20). The map also confirms that
T2 items were on average harder than T1 items for all
questions, with the only exception of Q3, for which T1 was
the hardest item in the WBM theme.
4. Dependency of Rasch psychometric properties
on tiers scoring method
Complete descriptive statistics of Rasch analysis when
tiers are coupled by the six scoring methods is reported in
Table IX. The results suggest that M1 has not sufficient
fitting reliability (lower than 0.5). Data also suggest that
none of the scoring models M2–M6 is clearly more reliable
than the others, with the exception of M2, which evenly
weighs the tiers. M1 has also a poor person separation
reliability (less than 1), which indicates that this scoring
method is the least appropriate to distinguish between high
and low ability subjects. When looking at the level of
agreement, also when adopting Rasch analysis, the six
scoring methods are not equivalent. Results in fact are
similar to those obtained with classical analysis. For the
percentiles subdivision of the sample, the highest agree-
ment is between M2 and M3 (0.82) and M4 (0.82), and
between M3/M5 (0.80) and M4/M6 (0.80). M1 has the
lowest values of agreement with the other scoring methods,
FIG. 2. Wright map of the QME. Items are grouped according to the three themes described in Sec. III. One extreme person
(ability ¼ −4.63) is not represented.
TABLE VIII. Rasch analysis statistics for QME (tiers analyzed individually).
Theme Item T1 T2
Difficulty Infit Outfit P.-bi serial Difficulty Infit Outfit P.-bi serial
WBM Q1 −1.19 0.897 0.842 0.47 0.90 1.115 1.149 0.19
Q3 1.24 1.099 1.293 0.15 1.01 0.992 1.011 0.31
Q6 −0.44 0.955 0.938 0.42 0.05 1.049 1.091 0.30
Q7 −0.25 0.904 0.877 0.47 0.27 1.053 1.096 0.28
Average −0.16 0.964 0.988 0.378 0.56 1.052 1.087 0.27
MEAS Q4 −1.19 0.994 1.067 0.34 −1.31 0.924 0.861 0.44
Q5 0.31 1.055 1.051 0.29 1.81 1.034 1.173 0.19
Q9 −0.03 1.084 1.115 0.26 1.44 0.963 1.005 0.31
Average −0.30 1.044 1.078 0.30 0.65 0.974 1.013 0.31
AEB Q2 −0.29 1.170 1.220 0.17 1.50 0.909 0.891 0.38
Q8 −1.00 0.966 0.976 0.39 −0.99 0.914 0.871 0.46
Q10 −1.68 0.916 0.807 0.44 −0.14 0.906 0.901 0.46
Average −0.99 1.017 1.001 0.33 0.12 0.910 0.888 0.43
Overall Average −0.45 1.004 1.019 0.34 0.45 1.000 1.004 0.33
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likely because of its dichotomic scoring. When using 0
logit as threshold ability to divide the sample, M2 has a
high level of agreement with M3 (0.81) and M4 (0.86),
likely because these three methods give credit to each T1
and T2 combination pattern. Note that, as for classical
analysis, using the ability threshold, M1 has an excellent
agreement (0.75) only with M6.
Analysis of infit and outfit MNSQ to inspect goodness of
model fit for the six scoring methods is also reported in
Table IX. Infit values for all items and all scoring methods
fall within the recommended range 0.7–1.3. Outfit values
show more variability. In particular, considering both infit
and outfit measures, M2 appears to fit better than the other
models (RMSE ¼ 0.13 for infit measures, 0.12 for outfit
measures). For M1, two items, Q3 and Q5, show values of
outfit outside the recommended range.
As discussed above, this may be related to the fact that
the first tier of Q3 and the second tier of Q5 were the most
TABLE IX. Rasch analysis statistics for QME (tiers analyzed coupled).
M1 M2 M3 M4 M5 M6
Person reliability 0.36 0.62 0.59 0.56 0.58 0.54
Person separation 0.76 1.27 1.20 1.27 1.17 1.04
Item separation 8.74 10.62 9.73 10.30 9.60 9.19
Mean ability (logit) −1.60 0.06 −0.13 0.04 −0.05 0.03 −0.12 0.03 −0.40 0.04 −0.67 0.03
Ability G1 (logit) −2.16 0.11 −0.54 0.07 −0.29 0.04 −0.39 0.04 −0.74 0.07 −0.10 0.06
Ability G2 (logit) −0.81 0.13 0.46 0.09 0.27 0.07 0.27 0.07 0.01 0.08 −0.18 0.07
Ability G3 (logit) −1.49 0.09 −0.06 0.06 0.01 0.04 −0.10 0.04 −0.28 0.05 −0.65 0.05
Ability G4 (logit) −1.62 0.14 −0.13 0.09 −0.07 0.05 −0.09 0.06 −0.44 0.08 −0.64 0.08
Fa 23.449 29.659 23.936 28.165 20.820 26.315
η2a 0.138 0.168 0.140 0.161 0.124 0.152
Cohen’s kappa
M1    0.54b 0.48b 0.56b 0.56b 0.64b
M2 0.36c    0.82b 0.82b 0.70b 0.66b
M3 0.26c 0.81c    0.64b 0.80b 0.50b
M4 0.35c 0.86c 0.67c    0.54b 0.80b
M5 0.54c 0.71c 0.54c 0.58c    0.48b
M6 0.75c 0.53c 0.39c 0.52c 0.53c   
Infit statistics
Q1 1.1276 0.8304 0.747 0.9766 0.7053 1.3089
Q2 0.9807 0.8392 0.9495 0.7671 0.8619 0.8921
Q3 1.0222 1.1787 1.121 1.2549 1.2728 0.879
Q4 1.0341 1.193 1.2807 1.0976 1.2757 0.9585
Q5 1.035 0.9909 0.9922 1.025 0.8871 1.0484
Q6 0.9466 0.9839 0.9549 0.9854 0.9986 0.9366
Q7 1.0269 1.0613 0.9816 1.0975 1.0337 1.0814
Q8 0.9396 1.0401 1.123 0.9645 1.1978 0.8767
Q9 0.8921 0.899 0.9716 0.8569 0.8454 0.877
Q10 0.9378 0.9639 1.0188 0.9312 0.9211 1.0028
RMSE 0.07 0.13 0.14 0.14 0.19 0.14
Outfit statistics
Q1 1.1293 0.8439 0.7358 1.0172 0.7129 1.4154
Q2 0.9216 0.884 1.0209 0.8022 0.9709 0.8699
Q3 1.3945 1.2368 1.249 1.3249 1.3702 1.0998
Q4 1.076 1.1709 1.3353 1.0471 1.3164 0.938
Q5 1.536 1.039 1.0392 1.1218 1.0024 1.3123
Q6 0.926 0.9775 0.9363 1.0003 0.9803 0.9464
Q7 1.0113 1.0589 0.9655 1.1275 0.9918 1.1058
Q8 0.9572 1.0079 1.0869 0.9332 1.1543 0.8809
Q9 0.9157 0.9375 1.0317 0.8784 0.9278 0.8648
Q10 0.9039 0.929 0.9588 0.9108 0.9007 0.9295
RMSE 0.22 0.12 0.17 0.15 0.20 0.19
aF and η2 values calculated through ANOVA within the four groups.
bgroups divided according to 30 and 70 percentiles of the ability scores obtained with the corresponding method.
cgroups divided according to 0 threshold of the ability scores obtained with the corresponding method.
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difficult items when tiers were analyzed separately, and
such behavior may have impacted on the score obtained
when coupling the tiers. Similar considerations arise for
Q3 when coupling the tiers using M4 and M5, and for Q5
when using M6. Note that also Q1 presents a value of
outfit outside the range when using M6. Further insights
about differences across the six methods can be obtained
through the analysis of the IRCs reported in Supplemental
Material C [57].
C. Performance of the different groups
The distribution of the abilities of the four groups when
tiers are analyzed separately is reported in Fig. 3. The mean
ability is −0.14 0.04 logit, which implies that the QME
for the whole sample was slightly difficult. Differences
across the groups are significant (F ¼ 29.837, p < 10−4)
with a large effect size (η2 ¼ 0.17). In particular, upper
level physics students (G2, average ability ¼ þ0.45 0.10
logit) outperformed the other groups. As expected,
physics freshmen students (G1) have the lowest ability
(−0.54 0.07 logit), followed by high school teachers
(G4, −0.14 0.09 logit), and physics freshmen who had
attended extracurricular activities in QM (G3, −0.07
0.06 logit).
Since the latter average abilities are compatible with 0,
QME seems particularly suitable for these specific pop-
ulations. When analyzing the performance of the groups in
the three themes, there are differences between T1 and T2.
When considering T1, AEB items are relatively “easy”
(average difficulty ¼ −0.99 logit) for all groups, while
WBM and MEAS are easy (average difficulty < −0.16
logit) for all groups except G1. On the other hand, T2 items
of WBM and MEAS are “hard” for all groups (average
difficulty > þ0.56). T2 items of AEB are also hard for all
groups (average difficulty ¼ þ0.12 logit) except G2.
Such evidence confirms that T2 was on average harder
than T1. Moreover, such findings suggest that a sufficient
knowledge of basic facts about the wave function and the
measurement process may be achieved already at the high
school level, provided that curricular instruction is supple-
mented with suitable activities. However, it is only with
advanced physics courses that it is more likely to achieve
deeper knowledge and reasoning skills. Our results also
confirm the emphasis, in both high school and university
courses, on quasiclassical models of atoms and their
limitations in describing phenomenology related to the
microworld.
When tiers are coupled by the six scoring methods
(Table IX), the average difficulty of QME depends on the
specific method. When adopting M1, QME turns out to be
very difficult, since the average ability is −1.60 logit. This
result was expected since M1 is dichotomic and gives a full
credit only for the “11” pattern. Note that with this scoring
method, QME would be difficult also for G2 students. M2
leads to abilities estimates that are very similar to those
obtained when the tiers are analyzed separately, as expected
since that it is a pairwise method. Also, person reliability is
the highest of all the scoring methods. M3 leads to an
average ability of about zero logit, which means that if one
uses this method the QME becomes suitable for the sample
as a whole.
Since M3 weighs more the “10” pattern (correct knowl-
edge of facts but incorrect reasoning), this evidence
FIG. 3. Ability distributions of the four groups involved in the study. One extreme person (ability ¼ −4.63 logit) is not represented.
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confirms that the majority of students in our sample
had better performances in T1 (hence, T2 was harder).
When using M4, the average ability of the sample is
negative (−0.12 logit). High school teachers and physics
freshmen who had attended extra-curricular activities have
the same ability, which suggests a greater frequency of the
“10” pattern in the sample of high school teachers. The
mean ability of the sample using M5 is also negative
(−0.40 logit) and the QME is suitable only for upper-level
physics students (whose average ability is about 0). Finally,
when using M6, the questionnaire is difficult for the
whole sample (−0:67 logit). In particular, according to
this scoring method, high school teachers and physics
freshmen who attended extra-curricular activities perform
in a similar way.
Differences across the groups are statistically significant
independently on the scoring methods. Effect size, as
measured by η2, is the highest for M2 and the lowest for
M5. From ANOVA, three groups can be identified: (i) high
school teachers and physics freshmen who had attended
extra-curricular activities, (ii) physics freshmen, and
(iii) upper-level physics students.
Further insight can be obtained from the Wright maps
corresponding to the six scoring methods. The analysis is
reported in the Supplemental Material D [57].
V. DISCUSSION
In the following, we separately discuss to what extent the
collected evidence allows answering each research question
that guided our study.
RQ1: what are the respondents’ conceptions of quantum
mechanics that emerge from the answers to QME?
First, we note that as any other diagnostic instrument in
closed form, also the QME is not sufficient to definitively
attribute specific ways of thinking to subjects responding in
particular ways to the proposed items. In other words, it is
always possible that subjects picked a specific answer
choice not because they recognized in it their own reason-
ing, but because of its plausibility. However, our statistical
analysis allowed us to identify a few consistent response
patterns within the three targeted themes that add to the
literature about teaching and learning quantum mechanics
[7,8,66]. In the following, we address some specific
difficulties that emerged in this study.
As far as the wave behavior of matter theme, we found
that the most challenging topic concerned the elementary
properties of the wave function and its time evolution [44].
This evidence is not surprising given the abstractness of
these concepts. However, if one looks more deeply at our
results, such difficulty seems to be related to the persistence
of quasiclassical reasoning, in which the deterministic view
is paired with the belief that only selected (“allowed”)
states are possible according to some unspecified quanti-
zation rules. The pattern of answer choices to the second
tier given by physics freshmen and teachers also suggests
that high school teaching of quantum mechanics could be
misleading. By emphasizing “allowed” positions and
energies, which determine the state of a particle, deter-
ministic views and incorrect ideas about the wave function
and its physical meaning may be reinforced. An alternative
explanation could be that the subjects in the sample had
very little knowledge about these concepts and misinter-
preted the expression “allowed states.” Correspondingly,
we found that, at the conceptual level targeted by the QME,
superposition of states may be an “easier” concept likely
because traditional teaching emphasizes wavelike exper-
imental results as the two-slit diffraction with electrons.
However, we stress that QME deals with differences
between superposition in classical and quantum physics,
thus our data do not allow us to infer more detailed
information about the knowledge of our sample of super-
position states.
Even if the measurement process is often considered as
one of the most counterintuitive topics of QM, the basic
difference between the measurement process in classical
and quantum mechanics seems to be understood by the
majority of the sample. However, consistent with previous
studies [8,50], two specific aspects were more difficult. The
first one concerns the typical incorrect view that the
uncertainty principle is related to generic limitations of
the experimental apparatus used to perform measurements.
The second one refers to a quasiclassical reasoning about
measurement that can be summarized as follows: the
measurement process in quantum mechanics changes the
state of the system, but there are intrinsic limitations related
to the accuracy with which we can perform measurements
of a particle position and velocity.
Similar difficulties emerged from Q9, which concerns
the effects of measurement on a state and the so-called
“collapse” of the wave function. Quantum mechanics
theory postulates that the measurement process of an
observable leads to the “collapse” of the wave into an
eigenstate, which is a “new” state of the corresponding
operator. Incorrect answers to the second tier of Q9 could
be due to the confusion between the expectation value of
position and the probability of finding the particle at a given
position, or to the belief that the measurement process gives
only temporary results [9]. On the contrary, subjects who
showed the “01” pattern had likely difficulty in applying
the concept of measurement in a concrete case. Overall,
traditional teaching of quantum mechanics seems to put
scarce emphasis on the phenomenology and the underlying
relationships between experimental evidence and the math-
ematical formulation of the measurement on the wave
function and its role in determining the outcome of a
measurement process. Alternatively, a possible reason to
account for such difficulties is that the subjects simply
misinterpreted the expression “new state.”
When dealing with hydrogen atom and atomic models,
only one item (Q2) was very difficult for the whole sample.
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This question addresses in the first tier basic notions about
the orbitals and their properties, focusing in particular on
the common misconception according to which orbitals
are “regions” of the atom [51,52]. In the second tier, we
investigated if the subjects were aware that the stability of a
hydrogen atom is related to the wave behavior of electrons
and probed the typical misconception that atom stability is
explained by the “quantization” of energy levels [13]. A
possible reason why such incorrect claims were good
attractors of subjects’ responses may be related to a
misleading use of orbitals and of the word quantization
in chemistry courses both at the high school and university
level. On the other hand, the encouraging results of the
responses to Q8 and Q10 suggest that the knowledge of the
classical laws of electromagnetism may help describe
correctly the interaction between a negative charge and
the nucleus and, hence, why it is not possible to apply a
quasiclassical model to explain the stability of the atom.
However, at the same time, such views could be also
misleading when applied to the wave behavior of quantum
objects, since they reinforce a quasiclassical, trajectory-
based reasoning rather than promoting probabilistic quan-
tum models [47,67].
RQ2: what are the psychometric properties of QME?
Classical test theory indices suggest that QME is a
reliable tool to investigate students’ basic knowledge about
quantum mechanics. The difficulty of the tiers when
analyzed separately is satisfactory. Overall, items in T2
are on average more difficult than the items in T1 across the
three targeted themes. These findings suggest that T2 items
provide more insight into the student ability in mastering
the targeted concepts or, in other words, that T2 items
require a deeper knowledge of the basic aspects of quantum
mechanics addressed by QME. It is interesting to note that
the difficulty patterns of T1 and T2 are consistent across the
themes. In particular, the average difficulty of the WBM
items is essentially the same as the MEAS items, either in
T1 or T2. Similarly, AEB items are on average the easiest
items, both in T1 and T2. Differently, when considering
discrimination, T1 items of WBM, MEAS, and AEB have
almost the same average values, slightly lower than the
accepted threshold of 0.2. When considering T2 discrimi-
nation power, average values for the three themes are
significantly different and well above the 0.2 threshold.
While this evidence suggests caution in using T1 and T2
items separately, the coupling of T1 and T2 can result in the
underestimation of item discrimination, as we will discuss
in the next subsection.
Results of Rasch analysis are consistent with the con-
clusion that QME items, when analyzed separately, do not
present misfitting behavior. This is indicative of the
effectiveness of the items to differentiate the subjects on
the basis of their abilities. Moreover, a good Rasch model
fit suggests that the latent trait measured by the items
positively correlates with the knowledge about quantum
mechanics. The items measures confirm the patterns
obtained with classical test theory. In particular, all T2
items have a higher value of difficulty than the correspond-
ing T1 items, except for Q8. Discrimination, as measured
with point biserial, is slightly higher than the corresponding
measure obtained with classical test theory, thus confirming
that the Rasch ability measures tend to better distinguish
subjects along the proficiency continuum.
RQ3: to what extent do QME psychometric properties
depend on the adopted scoring method?
Results from classical and Rasch analysis concur to
claim that scoring methods affect significantly the psycho-
metric properties of QME, as found in previous works [68].
In particular, the dichotomous scoring method M1 has the
lowest value of reliability (calculated through Cronbach’s
alpha and person reliability, respectively) likely because
neglecting intermediate levels of knowledge may lead to
decrease the internal consistency of the response pattern to
the paired items. Essentially, the M1 scoring system
underestimates variations in the subjects’ achievement in
quantum mechanics. The results from Rasch analysis also
show that the coupling of tiers with a scoring method that
weighs differently the score in one of the tiers (M3-M6)
decreases the goodness of fit. The only method for which
no misfitting items were found is the pairwise method M2.
Moreover, using both classical and Rasch analysis, M2 has
good agreement with other polytomous methods (M3-M5),
thus suggesting that it accounts also for the different
performances of the subjects in T1 and T2. Finally, as
reported in the Supplemental Material [57], M2 is also the
method that better describes the interval of subjects’
abilities and that, at the same time, does not artificially
inflate or deflate their score. In particular, G2 average
ability is greater than or equal to the average difficulty of
the three themes. Hence, using M2, QME is affordable for
students who attended advanced physics courses in quan-
tum mechanics. Only G1 group has a negative ability that is
lower than the mean difficulty of all three themes. Overall,
our findings add to recent developments in the field [21] by
showing that a pairwise method can be the most straight-
forward and reliable way to score a composite two-tier
questionnaire as QME. However, further research with the
involvement of a larger sample is needed to confirm such
result.
RQ4: how well does QME discriminate between stu-
dents with different background knowledge in quantum
mechanics?
Statistical analysis of abilities suggests that QME
items well discriminate between subjects with different
knowledge about quantum mechanics. Effect sizes are
significant, thus confirming the reliability of the question-
naire. Content validity seems to be confirmed by the
performance of both senior and physics freshmen. The
former evidence suggests that upper-level physics teaching
allowed senior students to acquire good knowledge of the
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basic aspects of quantummechanics addressed in the QME.
On the other side, despite reform-based efforts, curricular
teaching of quantum mechanics at high school level is still
problematic and not sufficient to warrant students with a
satisfactory knowledge about basic quantum mechanics
concepts, at least in the Italian educational context. In this
respect, the extra-curricular activities [65] attended by G3
students may be a useful starting point to design more
effective teaching interventions aimed at improving con-
ceptual understanding of the targeted aspects of quantum
mechanics. In particular, these activities are particularly
effective to improve the students’ understanding of the
measurement process and state superposition.
A somewhat related result concerns the performance of
high school teachers, who had difficulty with both basic
facts and their consequences about the three themes
targeted by QME. Such a result may be due to a limited
background knowledge in physics of the teachers in our
sample. The great majority of them (about 80%) graduated
in mathematics and did not usually teach quantum physics,
which is the reason why they attended a professional
development course. Such findings suggest that profes-
sional development courses should put emphasis on how to
give physical meaning to the formalism of quantum
mechanics and engage the teachers, whenever possible,
in experimental activities.
VI. CONCLUSIONS
This study presented a new assessment instrument, the
QME, to investigate student conceptual learning and
understanding of foundational aspects of quantum mechan-
ics, grouped around three themes, which literature has
shown to be relevant for understanding quantum mechan-
ics: wave behavior of matter, measurement, atoms and
electrons behavior. Given the increasing demand of quan-
tum mechanics introductory courses at high school and
lower undergraduate level, QME was designed to widen
the scope and audience of the existing questionnaires
[6,14–18]. To this end, QME features only qualitative
questions that do not require neither mathematical formali-
zation nor complex calculations, addressed only in upper-
level physics courses.
With such constraints, the design of the questions was
challenging since we could not rely on specific problems
(e.g., potential wells) but we had to present abstract and
very general settings (e.g., stationary states). Whenever
possible, we built on previous studies to reconstruct
students’ claims and reasoning to describe such situations.
As a consequence, one of the initial challenges was to
design items that could distinguish between students’ rote
learning of facts and students’ reasoning about the target
topic. We addressed such an issue by resorting to a two-tier
structure. In general, this type of instrument allows us to
inspect if a correct answer given to the first tier question,
which usually asks students to apply basic knowledge of
the target content, is correctly justified in the second tier. To
increase the complexity of the first tier, we asked to rate as
true or false three statements about the target topic and
then to answer a related multiple-choice question in the
second tier. In such a way, we reduced the guessing
probability, while controlling at the same time for local
independence of the items. A second challenge was
related to the scoring of QME. Usual ways of scoring
two-tier questionnaires do not account for the different
ability required to students to give a correct answer in the
first and the second tier. In other words, when scoring two-
tier instruments, one has to take into account that the tiers
have different difficulty. To address this second issue, we
probed six different scoring methods for the QME and
investigated how QME properties changed according to
the choice of the scoring methods. The third challenge was
that the six scoring methods do not account for possible
differences between different response patterns to the tier.
To address this third issue, we coupled classical analysis,
which was used in most of the previous studies about
quantum mechanics questionnaires, with Rasch analysis.
This further analysis allowed us to study the tiers
separately to establish whether the first tier was easier
than the second tier and the goodness of fit of the different
scoring methods.
Classical statistical analysis suggests that the proposed
instrument has sufficient reliability and items have good
discriminating power, both when tiers are analyzed indi-
vidually and coupled by a scoring method. Rasch analysis
shows that, when tiers are analyzed separately, the first tier
is on average easier than the second one. Moreover, all
items have satisfactory values of infit and outfit.
Discrimination values are acceptable for most items. On
the other hand, when the tiers are coupled according to
different scoring methods, our data show that a pairwise
scoring method could be more efficient in terms of
reliability, goodness of fit, agreement with other scoring
methods and fairness of the total score assigned to the
students.
Concerning the dimensionality of the instrument, we
note that further work is needed to investigate whether the
chosen clusters of items—wave behavior of matter, the
measurement, and the behavior of atoms and electrons—
represent distinct variables that describes proficiency in
quantum mechanics or if they correspond to different
aspects of the same latent trait. We are currently analyzing
the dimensionality of QME with the techniques of explor-
atory factor analysis and parallel analysis [69].
From the inspection of the Wright map, we found that all
QME items are well distributed along the ability continuum
of the involved subjects. Hence, we can safely assume that,
contrarily to previously available instruments, QME can be
used to probe students’ knowledge about QM in a variety of
courses, from more advanced ones for physics under-
graduates to introductory ones, like those for engineering
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and math undergraduates. An appropriate follow-up to the
study can investigate the validity of such a hypothesis.
Differently from other instruments, we also validated the
QME with a sample of high school teachers. The results
obtained by this specific population suggest that QME can
be fruitfully used in professional development courses as a
way to reinforce content knowledge about quantum
mechanics basic aspects, before the introduction of inno-
vative teaching strategies.
Out of this analysis, a practical question arises: how may
university instructors and high school teachers use the
QME? The answer is somewhat connected to the adopted
learning model. If one adopts the view that students’
misconceptions can be resources on which to build scien-
tifically informed conceptions, a two-tier instrument
like the QME can be a useful diagnostic tool, aimed at
identifying common incorrect reasoning. In particular, from
Rasch analysis of both single and paired tiers, one can
easily identify the probing power of each item and how to
use it in a specific teaching context. For instance, when
keeping the tiers separate, T2 of Q9 is able to identify
undergraduate physics students with a very good under-
standing of the measurement process, while T1 (same
question) may better serve to identify physics students with
good prior knowledge on which to build a sounder under-
standing of the measurement process in QM. When
coupling the tiers, Q9 may still be used to identify most
able students, but one has to look at all the three MEAS
items to get a clearer picture of prior knowledge useful to
understand the measurement process. Similarly, at the very
beginning of an introductory course about QM, AEB items
can be useful to investigate whether students have devel-
oped scientifically inaccurate models of the atomic stabil-
ity. While we do encourage the use of the QME as a
summative test at the end of a course, or as a pre- and post-
test, we would recommend that instructors, teachers, and
experts involved in teacher professional development use
this instrument also as a formative assessment with the aim
of designing teaching interventions more responsive to
students’ ideas.
VII. LIMITATIONS
Though the study provides evidence of the validity of the
QME instrument, we are aware of some limitations. First,
the reliability of QME is lower than the desired value for
this kind of study. This weakness may be justified by the
fact that the QME was administered to different popula-
tions with very diverse background knowledge in QM. We
plan to administer the questionnaire to a more homogenous
sample to further check its reliability. The sample will
involve the same population of students (i.e., physics
undergraduates) but on a national level. Until then, results
cannot be overgeneralized. Concerning the psychometric
properties of the QME, we also note that some questions
(Q2, Q3, and Q5) have low discrimination power. Such a
result may be due to the wording of some statements in T1
and of specific answer choices in T2 for the topics of
measurement and of wave function time evolution. Data
reported also in the Supplemental Material [57] (e.g., local
independence) show that there is room for improvement to
address the detected ambiguities. Hence, we are currently
planning a revision of the QME to overcome the above
limitations.
APPENDIX: QME TEST
Here we report the complete QME test. True statements
in T1 and correct answer choices in T2 are marked with
an *.
Q1_T1 Indicate whether the following three statements
are true (T) or false (F)
I. Any undisturbed quantum system will evolve back to
the initial state
*II. The time evolution of the state of a free particle is
similar to that of a wave
III. The probability of measuring each value of a given
observable associated to the particle is time independent
Q1_T2 The wave function of a stationary state of a
particle evolves with time with a frequency that is depen-
dent on the particle’s:
a. position
*b. energy
c. allowed positions
d. allowed energies
Q2_T1 Indicate whether the following three statements
are true (T) or false (F) for the hydrogen atom
I. An orbital is the region of the atom where the electron
can most probably be found
*II. To each orbital corresponds a fixed value of the
electron energy
III. An orbital is a region of the atom where the electrons
rotate around the nucleus
Q2_T2 How would you explain the atom’s stability?
*a. Through stationary waves associated to the electrons
b. Through the quantization of the atomic energy levels
c. Through orbitals associated to the electrons’
trajectories
d. Through quantization of the atomic magnetic and
electric fields
Q3_T1 Indicate whether the following three statements
are true (T) or false (F)
I. The wave function defines all the allowed states of a
particle
II. The wave function is a dimensionless quantity
*III. The wave function provides the complete descrip-
tion of the state of a particle
Q3_T2 If you know the formal expression of the
particle’s wave function then you can:
a. describe all the particle’s allowed positions and
energies
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b. determine all the possible values of any physical
observable associated to the particle
*c. calculate the probability of obtaining by measure-
ment a given value of any physical observable associated to
the particle
d. predict the possible states of the particle and the values
of any associated physical observable
Q4_T1 Indicate whether the following three statements
are true (T) or false (F)
I. If you perform repeated measurements of the same
physical observable, we always obtain equal results
*II. The measurement process creates a new state
*III. Whatever the initial state is, for any subsequent
measurement, we can only predict the probability of
obtaining a given outcome
Q4_T2 Are classical and quantum measurement proc-
esses similar?
a. No, because in quantum mechanics there are few
reliable instruments to perform experiments
b. Yes, because also in quantum mechanics there are
uncertainties associated to the measurement process
c. Yes, because also in classical physics the measurement
process is ruled by probability
*d. No, because in quantum mechanics the measurement
process may change the state of a system
Q5_T1 Indicate whether the following three statements
are true (T) or false (F) for a quantum system
*I. The higher the precision with which we know the
velocity of a particle, the higher the uncertainty with which
we know its position
II. If one measures the velocity of a particle, the value of
its position will be modified by the experimental apparatus
III. If one measures the position of a particle, its velocity
will be altered by the experimental apparatus
Q5_T2 The uncertainty principle is an intrinsic limita-
tion to our capability of describing the microscopic world
because:
*a. if we assign definite numerical values to the position
of a particle, its velocity is completely undefined
b. we cannot measure, at the same time and with arbitrary
precision, the position and velocity of a particle because of
instruments limitations and experimental errors
c. any experimental apparatus perturbs the particle
position and velocity
d. the numerical precision, with which we can determine
the particle position and velocity, is limited
Q6_T1 Indicate whether the following three statements
are true (T) or false (F)
I. It is possible to define the state of a particle by
assigning numerical values to its position and velocity
II. It is not possible to define the state of a particle since
the wave function is not a physical wave
III. The state of a particle is defined by the positions
occupied by the particle
Q6_T2 An electron shows a wave behavior since:
a. the electron position is described by a wave-like
equation
b. the electron follows a sinusoidal path as a wave
c. the electron is a smeared charged cloud moving at the
speed of electromagnetic radiation
*d. the electron undergoes interference as a wave does
Q7_T1 Indicate whether the following three statements
are true (T) or false (F)
The wave function of a particle is given by the super-
position of two stationary states each corresponding to a
different energy value. Then,
I. After any measurement, the particle will end up in an
intermediate state in-between the initial states
*II. There is no way to know the particle energy until an
energy measurement is performed.
III. The particle energy is the sum of the energies of the
two states in the superposition
Q7_T2 Is the superposition of states in quantum
mechanics similar to the superposition principle in classical
physics?
a. No, because the particle is simultaneously in all the
states, even though after a measurement it will always be
found in only one of the states
b. Yes, because also in classical mechanics, when two or
more forces act upon a system, the resulting motion of a
particle is the sum of the independent motions due to
each force
c. Yes, because also in classical mechanics a system can
be described by a statistical mixture with a given proba-
bility to be in each accessible state
*d. No, because until we make a measurement the states
of the superposition can interfere one with each other.
Q8_T1 Indicate whether, in classical physics, the fol-
lowing three statements are true (T) or false (F)
*I. If a charge is moving along a curved path, it dissipates
energy
II. If we increase the distance between two identical
charges, their electrical potential energy increases
III. If we decrease the distance between two identical
charges, the net force they exert on each other decreases
Q8_T2When we calculate the energy of an electron in a
atom we can neglect the gravitational force since:
*a. the gravitational force is several orders of magnitude
smaller than Coulomb force
b. the energy of the nucleus is large enough to attract the
electrons and consequently the gravitational force is
negligible
c. the binding energy of the electron is much greater than
the gravitational energy of the nucleus
d. the gravitational force is balanced by the centrifugal
force due to the electron rotation about the nucleus
Q9_T1 Indicate whether the following three statements
are true (T) or false (F) for a free electron
I. If we observe the electron to be in a certain place, then
it was already in that place right before the measurement
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*II. If we measure that the electron has a certain velocity,
then it will keep the same velocity immediately after the
measurement
*III. If we measure the electron energy, then it will main-
tain that energy since the energy is a constant of motion
Q9_T2 If we make a measurement of a physical
observable on a particle, what happens immediately after
the measurement?
a. The particle is in a new state that evolves back to the
initial state
b. The particle is in a new state whose wavelength
gradually shrinks and eventually vanishes
*c. The particle is in a new state maintaining the
measured value of the physical observable
d. The particle is in a new state in which there is full
correspondence between measured and expected values of
any physical observable
Q10_T1 Indicate whether, in classical physics, the
following three statements are true (T) or false (F)
*I. It is possible to make an electron move along a curved
path if we apply a uniform magnetic field
II. If a magnetic field acts upon an electron, then, the
electron will always follow a circular path
III. If an electric field acts upon an electron, then, the
electron will always move with constant acceleration along
a straight line
Q10_T2Why can’t classical physics explain the stability
of the hydrogen atom?
a. While rotating around the positively charged nucleus,
the electron is attracted by the electrostatic force and
dissipates energy
b. In classical physics there is not the uncertainty
principle and, hence, it is not possible to describe the
trajectory of the electron
c. Classical physics concerns only massive particles,
much heavier than the electron and the nucleus
*d. While rotating around the positively charged
nucleus, the electron emits radiation and dissipates energy
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